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a b s t r a c t
An overpartition of n is a non-increasing sequence of positive integers whose sum is n in
which the first occurrence of a number may be overlined. In this article, we investigate
the arithmetic behavior of bk(n) modulo powers of 2, where bk(n) is the number of
overpartition k-tuples of n. Using a combinatorial argument, we determine b2(n) modulo
8. Employing the arithmetic of quadratic forms, we deduce that b2(n) is almost always
divisible by 28. Finally, with the aid of the theory of modular forms, for a fixed positive
integer j, we show that b2k(n) is divisible by 2j for almost all n.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
An overpartition of n is a non-increasing sequence of natural numbers whose sum is n in which the first occurrence of a
number may be overlined. Let p(n) denote the number of overpartitions of an integer n. For convenience, define p(0) = 1.
For example, p(3) = 8 because there are 8 possible overpartitions of 3:
3, 3, 2+ 1, 2+ 1, 2+ 1, 2+ 1, 1+ 1+ 1, 1+ 1+ 1.
Since the overlined parts form a partition into distinct parts and the non-overlined parts form an ordinary partition, the
generating function for overpartitions is
P(q) =
−
n≥0
p(n)qn = (−q; q)∞
(q; q)∞ .
Here we use the following standard q-series notation:
(a; q)∞ :=
∞∏
n=1
(1− aqn−1), |q| < 1.
A number of mathematicians have used the overpartitions to interpret or to prove identities arising from basic
hypergeometric series. For more information and references in this direction, see [4,5] and [16].
More recently, various arithmetic properties for overpartition pairs have been revealed. An overpartition pair λ of n is
a pair of overpartitions (π , σ ) such that |π | + |σ | = n, where |π | is the number being overpartitioned. Let pp(n) be the
number of overpartition pairs of n. Then, its generating function is
PP(q) =
−
n≥0
pp(n)qn = (−q; q)
2∞
(q; q)2∞
.
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Bringmann and Lovejoy [2] found a congruence pp(3n+ 2) ≡ 0(mod 3) and defined a rank for overpartition pairs to give a
combinatorial explanation for this congruence. Moreover, they showed that there are infinitely many congruences for pp(n)
modulo every power of odd primes. For modulo 2, Keister et al. [8] proved the following theorem which determines pp(n)
completely modulo 8 by employing q-series arguments.
Theorem 1. For all positive integers n,
pp(n) ≡

4(mod 8), if n = m2 or 2m2 for some integer m,
0(mod 8), otherwise. (1.1)
In this note, we will prove Theorem 1 by using a purely combinatorial argument.
On the other hand, Chen, Lin [3] proved that
pp(8n+ 7) ≡ 0(mod 64).
In light of the work of Mahlburg [12], the author [9] showed that p(n) is divisible by 128 for almost all n. Here and in what
follows, by almost all n, we mean that the arithmetic density of such n is 1. As pp(n) is closely related with p(n), it is natural
to ask whether pp(n) is also divisible by small powers of 2 for almost all n. The following theorem says that the answer is
positive.
Theorem 2. For almost all positive integers n,
pp(n) ≡ 0(mod 28).
By using the argument for proving Theorem 2, we can find the following congruence.
Corollary 3. For all nonnegative integers n,
pp(10672200n+ 624855) ≡ 0(mod 28).
By employing the theory ofmodular forms, we can actually provemore. Before stating the theorem,we need to introduce
one more term. For a given positive integer k, an overpartition k-tuple of n is a k-tuple of overpartitions (π1, π2, . . . , π k)
such that |π1| + · · · + |π k| = n. We define bk(n) as the number of overpartition k-tuples of n. Of course, b1(n) = p(n) and
b2(n) = pp(n). Motivated by the work of Gordon and Ono [6], we will prove the following result.
Theorem 4. For fixed positive integers j and k,
b2k(n) ≡ 0(mod 2j),
for almost all positive integers n.
Especially, for a fixed positive integer m, pp(n) is almost always divisible by 2m. Though this theorem is powerful, the
proof is not constructive. Therefore, a result like Theorem 2 is still of interest.
2. Proofs of Theorems 1 and 2
Before proving Theorem 1, we need to introduce some notation for partitions. We denote the partition λ of n as
λ1+· · ·+λr = n.We denote the number of different parts of a partitionλ by ℓ(λ).We say an overpartitionπ is induced from
the partition λ if we get λ by unoverlining all overlined parts ofπ . For example, 1+1+1 is an induced overpartition from the
partition 1+1+1.We define Ind(λ) as the number of induced overpartitions from λ. Similarly, we say an overpartition pair
π=(ν,µ) is induced from the partition λ if λ = ν ′+µ′, where ν ′ (andµ′) is the partition obtained by removing the overlines
from the overpartition ν (andµ, respectively). Here, the addition of two partitions ν andµ is defined as the union of parts in
ν and µ and resorting of parts to make them in non-increasing order. For example, (3, 1)+ (2, 2, 1) = (3, 2, 2, 1, 1).
By an abuse of notation, we also denote the number of induced overpartition pairs from λ by Ind(λ). Now we are ready to
prove Theorem 1.
Proof of Theorem 1. Let λ be an overpartition of n. First, we will show that Ind(λ) is a multiple of 8 provided ℓ(λ) > 1.
Let (ν, µ) be a pair of partitions obtained by breaking the partition λ into two partitions. Then, the number of induced
overpartitions from ν is 2ℓ(ν). Therefore, if ℓ(λ) ≥ 3, then it is clear that Ind(λ) is a multiple of 8. Now assume that ℓ(λ) = 2.
As before, we break λ into (ν, µ). If ℓ(ν) = ℓ(µ) = 1, then Ind(ν) = Ind(µ) = 2, but by permutating ν and µ, we have
8 different induced overpartition pairs in total. If either ℓ(ν) or ℓ(µ) is 2, it is clear that the number of overpartition pairs
induced from (ν, µ) is a multiple of 8. In summary, Ind(λ) is a multiple of 8 provided ℓ(λ) > 1. Now we will examine the
number of induced overpartition pairs from λwhere ℓ(λ) = 1. In this case, λ is of the form (k, k, . . . , k) where the number
of parts in λ is nk = d. If k = n, then it is clear that Ind(λ) = 4. Now we assume that d > 1 and π an induced overpartition
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pair (ν, µ) from the partition λ. The number of induced overpartition pairs from λ is 4 in the case that either ν or µ is the
empty partition. If this is not the case, there are d− 1 different ways that we can break λ as a partition pair (ν, µ). For each
of such partition pairs, we have 4 ways to overline (ν, µ). In summary,
Ind(λ) = 4
−
k|n
n
k
= 4σ(n),
where σ(n) is the sum of divisor function. We can see that σ(n) is odd if and only if n = m2 or 2m2 for some integer m,
which completes the proof. 
Nowwe turn to the proof of Theorem 2. Before giving the proof, we need to introduce some notation and known results.
Let
ϕ(q) =
∞−
n=1
qn
2
.
Then, the coefficients of ϕ(q)k = ∑n≥0 ck(n)qn are the number of representations of n = n21 + · · · + n2k where each ni is a
positive integer. From Mahlburg’s paper [12], we know that
P(q) = 1+
∞−
k=1
(−2)kϕ(−q)k. (2.1)
The following lemma which summarizing [9] provides a criterion for the divisibility for ck(n) by powers of 2 for small k’s.
Lemma 5. For almost all integers n, c1(n) and c2(n) are zero. If k is a fixed positive integer, then c3(n) and c4(n) are almost
always divisible by 2k. Moreover, the number of representations of n as n = x2+2y2 for some integers x and y is almost always 0.
Finally, for almost all positive integers n, c5(n) ≡ 0(mod 4).
Proof of Theorem 2. From (2.1), we arrive at
PP(q) = P(q)2 = (1− 2ϕ(−q)+ 22ϕ(−q)2 − 23ϕ(−q)3 + · · ·)2
≡ 1+ 22(ϕ(−q)2 − ϕ(−q))+ 23ϕ(−q)2 + 24ϕ(−q)4 − 25ϕ(−q)3
+ 26(ϕ(−q)6 − 3ϕ(−q)5 + ϕ(−q)4)+ 27ϕ(−q)6(mod 28). (2.2)
Therefore, by Lemma 5, it suffices to show that c6(n) ≡ 0(mod 4) for almost all positive integers n. Recall that c6(n) is the
number of ways representing n as the sum of 6 squares of positive integers. Let (n1, n2, . . . , n6) be a 6-tuple of positive
integers such that n21 + n22 + · · · + n26 = n. By considering the permutations, this gives
6!
λ1! · λ2! · · · λr !
ways to represent n as a sum of six squares, where λ1 + · · · + λr = 6 and each λi represents a multiplicity in the 6-tuple.
For example, in the 6-tuple (2, 1, 2, 2, 1, 1), which represents 15, λ1 = 3 and λ2 = 3. By considering the permutations, it
suffices to show that the number of representations of n by the following forms is divisible by 4 for almost all n:
6x2, 5x2 + y2, 4x2 + 2y2, 4x2 + y2 + z2, and 2x2 + 2y2 + 2z2.
By Lemma 5, it suffices to show that the number of representations of n as 5x2 + y2 and the number of representations of
n as 4x2 + y2 + z2 is divisible by 4 for almost all n. We define R(n, 5x2 + y2) to be the number of representation of n as
5x2 + y2, where x and y are integers. Then, we need to show that R(n, 5x2 + y2) ≡ 0(mod 16) for almost all n. By the work
of Berkovich and Yesilyurt [1, Corollary 3.3], we know that if n is factored as
n = 2a5b
r∏
i=1
pvii
s∏
j=1
q
wj
j ,
where the primes pi are primes congruent to 1, 3, 7 or 9 modulo 20 and the primes qj are primes congruent to 11, 13, 17 or
19 modulo 20, then
R(n, 5x2 + y2) = (1+ (−1)a+t)
r∏
i=1
(1+ vi)
s∏
j=1
1+ (−1)wj
2
,
where t is the number of prime factors that are congruent to 3 or 7 (mod 20) of n counting multiplicity. Therefore, if there
are at least 5 different odd prime factors of n with odd exponents, then R(n, 5x2 + y2) ≡ 0(mod 16). We know that such
n have arithmetic density 1 (for example, consult the proof of [9, Lemma 2] or [12]). Now we turn to R′(n, 4x2 + y2 + z2),
which counts the number of representations of n as 4x2 + y2 + z2, where x, y and z are positive integers. When n is odd, by
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proceeding as in [9], we can relate R′(n, 4x2 + y2 + z2) with the class number by employing [9, Lemma 4] or [7, Theorem
86]. Since the class number h(−n) is divisible by 2t−1, where t is the number of distinct primes in the square-free part of n,
we can conclude that R(n, 4x2+ y2+ z2) is almost always divisible by 4 provided n is odd. Now suppose that n is congruent
to 2 modulo 4. If x2 + y2 + z2 = n, then the only one of x, y, and z must be an even number. Therefore, by considering
permutations, we obtain that c3(n) = 3R′(n, 4x2 + y2 + z2), so we can apply Lemma 5. Finally, we now assume that n is
divisible by 4. Then, we see that y and z must be even. Hence, if n = 4x2+ y2+ z2, then x2+ y′ 2+ z ′ 2 = n′, where 2y′ = y,
2z ′ = z, and 4n′ = n. Therefore, we can employ Lemma 5 for this case, which completes the proof. 
Remark. From (2.2), we can deduce the above-mentioned congruences for overpartition pairs. Since c1(8n+ 7) = c2(8n+
7) = c3(8n+ 7) = 0, pp(n) ≡ 16c4(8n+ 7)(mod 64). Since n2 ≡ 0, 1 or 4(mod 8), if 8n+ 7 = n21+ n22+ n23+ n24, then one
of n2i must be congruent to 4 modulo 8 and the other three must be congruent to 1 modulo 8. Therefore, by considering the
permutations, c4(8n+ 7) ≡ 0(mod 4). Therefore, pp(8n+ 7) ≡ 0(mod 64).
Now we will prove Corollary 3.
Proof of Corollary 3. As in the remark, if n ≡ 7(mod 8), then c1(n) = c2(n) = c3(n) = 0. Therefore, it suffices to find an
arithmetic progression in 8n+ 7 such that c4(n) ≡ 0(mod 16), c5(n) ≡ 0(mod 4) and c6(n) ≡ 0(mod 4). If n is congruent
to 7 modulo 8,
c4(n) = 12
−
d|n
4-d
d,
which is divisible by 16 provided n has at least 4 distinct odd prime divisors with odd exponents. A square of integer is
congruent to 0, 1, or 4 modulo 8. Therefore, if x21+ x22+ x23+ x24+ x25 = 8n+ 7, then three of x2i are congruent to 1 modulo 8,
the only one of x2i is congruent to 0 modulo 8, and the only one of x
2
i is congruent to 4 modulo 8. In other words, for a given
representation of 8n+ 7 into a sum of five squares of positive integers, there are at least three different numbers in such a
representation. Hence, by considering the permutations, we conclude that c5(8n+ 7) ≡ 0(mod 4). Moreover, by the proof
of Theorem 2, c6(n) is divisible by 4 if n ≡ 7(mod 8) and 11 ‖ n, where p ‖ nmeans that p|n, but p2 - n. Therefore, if
n ≡ 7(mod 8),
n ≡ 3(mod 32),
n ≡ 5(mod 52),
n ≡ 7(mod 72),
n ≡ 11(mod 112).
then pp(n) ≡ 0(mod 28), since 3 ‖ n, 5 ‖ n, 7 ‖ n, 11 ‖ n and n ≡ 7(mod 8). By a simple calculation, we find that
n ≡ 624855(mod 10672200), which finishes the proof. 
Remark. In a published note [9], it is mistakenly claimed that c5(8n+ 7) = 0. This error is pointed out by the reviewer and
this does not affect the result in [9].
3. Proof of Theorem 4
Before commencing the proof, we give some background from the theory of modular forms. For more details on this
subject, consult [14]. Define Γ = SL2(Z), Γ0(N) := {

a b
c d

∈ Γ : c ≡ 0(mod N)}. We defineMk(Γ0(N)) (M!k(Γ0(N))) to be
the vector space of holomorphic (weakly holomorphic, respectively) modular forms of weight k on Γ0(N). Let
η(z) = q1/24(q; q)∞
be the Dedekind eta function, where q = exp(2π iz) and z is in the upper half complex planeH . For a fixed N and integers
ri’s, a function of the form
f (z) :=
∏
n|N
n>0
η(nz)rn
is called an η-quotient. The following theorem of Newman [13] gives a criterion for when an η-quotient becomes a weakly
holomorphic modular form.
Theorem 6. The η-quotient is inM!k(Γ0(N)) if
(1)
∑
n|N rn = 2k,
(2)
∑
n|N nrn ≡ 0(mod 24),
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(3)
∑
n|N
N
n rn ≡ 0(mod 24),
(4)
∏
n|N nrn is a square of a rational number.
We call the orbits of Q ∪ {i∞}(mod Γ0(N)) the cusps of Γ0(N). It is well known that the cusps of Γ0(N) consist of
numbers c/d, where d|N , 0 ≤ c < d and (c, d) = 1. At each cusp c/d, f ∈ M!k(Γ0(N)) has a Fourier expansion of the form
f (z) =∑n≥n0 a(n)qn/N with a(n0) ≠ 0.We call n0 the order of f at the cusp c/d and denote it ordc/df . The following theorem
of Ligozat [10] gives the order of the η-quotient f at the cusps c/d of Γ0(N) provided f ∈M!k(Γ0(N)).
Theorem 7. If the η-quotient f ∈M!k(Γ0(N)), then its order at the cusp c/d of Γ0(N) is
1
24
−
n|N
N(d, n)2rn
(d,N/d)dn
.
Now we are ready to give a proof.
Proof of Theorem 4. Let gk(z) = η2k(48z)η4k(24z) . Then,
gk(z) =
∞−
n=0
b2k(n)q24n.
We define
fj(z) = η
2j(24z)
η2
j−1
(48z)
,
and
Fj,k(z) = gk(z)fj(z).
Since fj(z) ≡ 1(mod 2j), Fj,k(z) ≡ gk(z)(mod 2j). Our plan is to prove that Fj,k(z) is a holomorphic modular form of positive
integer weight, so we can apply the deep theorem of Serre [15], which implies that the Fourier coefficients of Fj,k(z) are
almost always divisible by 2j. Therefore, proving that Fj,k(z) is a holomorphic modular form of positive integer weight is
sufficient to prove Theorem 4.
Fix a positive integer k. Without loss of generality, we can assume that j is a positive integer satisfying that 2j−2 > k.
Then, by Theorem 6, we can check that Fj,k(z) is a weakly holomorphic modular form of weight 2j−2− k on Γ0(576). At each
cusp c/d of Γ0(576), by Theorem 7, the order at the cusp c/d is given by
24
d(d, 576/d)
−
n|576
(d, n)2rn
n
,
which is nonnegative if 2j−2 ≥ k. Thus, Fj,k(z) is a holomorphic modular form of integer weight, which completes the
proof. 
4. Concluding remarks
Mahlburg [12] conjectured that for all fixed positive integer k, p(n) is divisible by 2k for almost all n. This conjecture
is harder to prove than Theorem 4 because P(q) is an essentially half integer weight modular form. As we have seen,
overpartition pair congruencesmodulo powers of 2 are closely relatedwith the arithmetic of quadratic forms. Similarly, Chen
and Lin [3] and Lovejoy and Osburn [11] have used the arithmetic of quadratic forms to derive certain partition congruences.
It would be nice if one could find a combinatorial reason why they are related.
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